Abstract We present a technique for the solution of the complex-valued eigenproblem associated with the propagation of surface waves in general linear viscoelastic media. The new technique permits simultaneous determination of the Rayleigh dispersion and attenuation curves and the displacement and stress eigenfunctions for vertically heterogeneous, linear viscoelastic media with arbitrary values of material damping ratio. The technique is based on the Cauchy residue theorem of complex analysis that takes full advantage of the holomorphic properties of the Rayleigh secular function, which is viewed as an analytic mapping of the complex-valued Rayleigh phase velocity. Because the eigenvalue problem is solved directly in the complex domain with no simplifying assumptions, the algorithm implicitly accounts for the inherent coupling between phase velocity and attenuation of seismic waves as a result of material dispersion. The technique overcomes the limitations of previous algorithms that often break up the complex structure of the problem and/or require a priori information about the number of eigenvalues and their approximate value. The algorithm is validated via comparisons with closed-form solutions for a uniform half-space. Examples are also used to compare solutions obtained with the proposed technique and one based on the assumption of weak dissipation in strongly and weakly dissipative layered media.
Introduction
The solution of the boundary-value problem associated with the propagation of Rayleigh waves in a vertically heterogeneous medium depends on the constitutive model used to represent the mechanical response of the medium to dynamic excitations. Linear elasticity is frequently used for geomaterials because of its simplicity and because the elastic solution yields the phase and group velocities of Rayleigh waves, which are often the results of most interest in many applications. However, linear elasticity is not able to account for important phenomena that occur when a mechanical disturbance propagates through geomaterials. One such phenomenon is energy dissipation that occurs even at very low strain levels below the so-called linear cyclic threshold shear strain (Vucetic, 1994; Ishihara, 1996; Lo Presti et al., 1999) and results in spatial and temporal attenuation of seismic waves. Linear viscoelasticity is the simplest constitutive model that is capable of modeling energy dissipation at low strain levels, and thus it gives a more accurate description of the propagation of seismic waves though geomaterials.
An important step in the solution of the Rayleigh boundary-value problem is the computation of the eigenvalues (i.e., wavenumbers) of the associated eigenproblem, which are also the zeros of the Rayleigh secular function. As a result of using a general linear viscoelastic constitutive model, the wavenumbers and Rayleigh secular function become complex valued (e.g., Schwab and Knopoff, 1971) . In general, the problem of computing the zeros of a complexvalued function of a complex variable is not trivial (Henrici, 1974) , particularly if the function is highly nonlinear and known only numerically, as is the case for the Rayleigh secular function in vertically heterogeneous media. No general methods are available, and in many cases, the strategy that is adopted consists of breaking up the complex structure of the function and transforming it into a pair of equivalent nonlinear equations in two real variables that are solved using conventional techniques. Other methods (e.g., Muller's method) require considerable a priori information about the number and approximate location of the zeros to assure convergence. We found these approaches to be unsatisfactory, particularly for high values of material damping ratio, and undertook the development and implementation of a method based on Cauchy's residue theorem of complex analysis. The technique is rigorous, because the expressions of the complex-valued seismic-wave velocities are exact and valid for general linear viscoelastic solids.
We begin by recalling several important features of seismic-wave propagation in linear viscoelastic media, followed by a review of the essential aspects of the solution of the Rayleigh eigenproblem in elastic and weakly dissipative media. We present the detailed derivation of our algorithm for solving the Rayleigh eigenproblem in general linear viscoelastic media and validate it via comparisons with closed-form solutions for a uniform half-space. Finally, we illustrate its application in layered media by using examples of both strongly and weakly dissipative profiles.
Seismic-Wave Propagation in Viscoelastic Media
During the past 30-40 years, a considerable amount of research has been performed to investigate the influence of extrinsic and intrinsic factors on the mechanical response of geomaterials to dynamic excitations. Experimental evidence indicates that among the extrinsic factors, the deviatoric strain tensor is very important. For simple shear conditions, it is possible to define a shear-strain spectrum representing four distinct types of material behaviors (Electric Power Research Institute, 1991; Vucetic, 1994) . Of the four regions, the one most relevant for our purposes is the very-small-strain region because it includes the range of shear strains encountered in many seismology and soil dynamics problems. The very-small-strain region is defined for values of shear strain in the range 0 Ͻ c Յ , where is the linear cyclic threshold shear strain that separates linear and nonlinear responses during cyclic loading (Vucetic, 1994) . Although no stiffness reduction is observed for c Յ , the response is inelastic, since energy dissipation is obl c t served (Lo Presti et al., 1999) . The value of varies with l c t the type of geomaterial. For example, in uncemented, unaged coarse-grained soils, usually falls within the narrow l c t range of 7 ‫ן‬ 10 ‫6מ‬ to 2 ‫ן‬ 10 ‫5מ‬ ; for medium plasticity, finegrained soils, is on the order of 10 ‫4מ‬ (Vucetic, 1994 ; Lo l c t Presti et al., 1999) . From a phenomenological point of view, the mechanical behavior of materials that for c Յ exhibit l c t both the ability to store strain energy (elastic behavior) and to dissipate it over a finite period of time (viscous behavior) can accurately be described by the linear theory of viscoelasticity (Christensen, 1971; Pipkin, 1986) . Wave propagation in linear viscoelastic media has been described in detail by Borcherdt (1971 Borcherdt ( , 1973a and Buchen (1971) . Here we review several essential aspects of this problem as a foundation for later developments.
A complete description of a linear viscoelastic constitutive model for an isotropic material requires two material functions, which may be specified in either the time or frequency domain. The material functions in the two domains are equivalent, but for our application, it is advantageous to specify the shear and bulk complex moduli,
and * G S (x), in the frequency domain to utilize the elastic-* G B viscoelastic correspondence principle (Read, 1950; Fung, 1965; Christensen, 1971) . Application of the correspondence principle to the equations of motion (in absence of body forces) governing the propagation of mechanical disturbances in unbounded media leads to the following pair of Helmholtz equations:
where ᭞ 2 denotes the Laplacian operator, the vector û ‫ס‬ û (x, x) is the Fourier-transformed displacement vector, x is the position vector, and x is the circular frequency. The complex-valued compression and shear-wave velocities,
, that describe the phase velocity and attenuation of * V S body waves in a linear viscoelastic medium are defined by:
where q is the mass density of the medium. As expected, the shear and volume deformations in linear, isotropic, viscoelastic media are uncoupled, mimicking a well-known fact of linear elasticity. If equations (1) are specialized for one-dimensional wave propagation, their general solution may be written in the following form:
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where A 1 and A 2 are constants to be determined from the boundary conditions and v ‫ס‬ P, S is a subscript denoting the compression or shear-wave motion, respectively. The complex-valued wavenumber associated with the propa-* k v gation of the v wave is given by:
where V v and ␣ v are the real-valued phase-velocity and attenuation coefficient, respectively, of the v wave. Thus, wave propagation in linear viscoelastic media is completely described either by the complex-valued phase velocities, and , or by the real-valued phase velocities, V P and V S , * *
V V P S
and attenuation factors, ␣ P and ␣ S . We can express the phase-velocity and attenuation coefficient as follows (Lai, 1998) : where is the body-wave phase velocity in
the corresponding elastic medium and the material damping ratio D v is defined as: Substituting equation (5) into equation (4) yields an expression for the complex-valued body-wave phase velocities:
Equation (7) is exact and therefore valid for any value of material damping ratio D v (x). For shear strains less than , experimental evidence in soils (Ishihara, 1996; Ishibashi l c t and Zhang, 1993; Vucetic and Dobry, 1991) shows that
where sup(•) denotes the least upper bound of a quantity. Equation (8) is considered herein as a definition of weakly dissipative media. Equations (5) may be expanded in a Maclaurin series about D v and substituted into equation (4). Retaining only the terms up to second order yields
If only first-order terms are retained, the expression becomes:
Any of the aforementioned equations may be expressed in terms of the quality factor, Q, by substituting Figure 1 compares the real and imaginary parts of the three expressions for the complex-valued phase velocity for a medium with unit velocity when D v ‫ס‬ 0. With regard to the real part, Figure 1a shows that the expression that includes terms up to second order is valid for D v Յ 20%, whereas the expression that includes only first-order terms deviates significantly from the other two expressions for D v Ն 5%. Figure 1b shows that the imaginary parts begin to differ from the exact solution for D v Ն 15%.
It is important to note that V v (x) and D v (x) are not independent, and hence, they may not be specified arbitrarily. They are linked by the Kramers-Krönig relationship, which requires that the real and the imaginary parts of the complex-valued wavenumber be a Hilbert transform pair. * k v This constraint also constitutes the necessary and sufficient condition for a mechanical disturbance propagating in a linear viscoelastic medium to satisfy the fundamental principle of causality (Aki and Richards, 1980) . If it is assumed, as some experimental data indicate (Shibuya et al., 1995; Hardin and Drnevich, 1972; Lo Presti et al., 1999) , that D v (x) is approximately frequency independent over the seismic bandwidth (i.e., 0.001-100 Hz), then it is possible to obtain an explicit solution of the Kramers-Krönig relationship that is given by the following expression (Aki and Richards, 1980) :
where x ref denotes a reference circular frequency often assumed equal to 2p.
Rayleigh Eigenproblem in Elastic Media
The Rayleigh eigenproblem in vertically heterogeneous, elastic media can be formulated from the application of Lagrange's equations by seeking a solution in the form of a harmonic-displacement field satisfying the boundary conditions of surface waves. The result, written in matrix form, is (Aki and Richards, 1980) 
Several techniques may be used to solve equation (12) supplemented by equation (13), including propagator matrix methods (Aki and Richards, 1980) , numerical integration (Takeuchi and Saito, 1972) , finite difference (Boore, 1972) , stiffness matrix (Kausel and Roesset, 1981) , reflection and transmission coefficients (Kennett, 1983) , boundary element (Manolis and Beskos, 1988) , spectral element techniques (Faccioli et al., 1996) , and hybrid formulations. In many of these techniques, most of the computational effort is spent in constructing the Rayleigh secular function and finding its roots
, which are the eigenvalues of the Rayleigh eigenproblem. In elastic media, the use of complex arithmetic in constructing the Rayleigh secular function can be avoided (Haskell, 1953; Schwab and Knopoff, 1971 ). This permits relatively simple, robust algorithms based on root bracketing, bisection, and inverse quadratic interpolation (Brent, 1973) to be employed for computing the eigenvalues k j .
Rayleigh Eigenproblem in Weakly Dissipative Media Anderson and Archambeau (1964) and Anderson et al. (1965) used variational principles to develop an approximate solution based on the assumption of weakly dissipative media. Let V p (y) and V s (y) denote the compression and shearwave phase velocities, respectively, as a function of depth y in a linear elastic, vertically heterogeneous medium M, and q(y) its mass density. Now let
, and q(y) indicate the material parameters of a medium whose body-wave phase velocities differ slightlỹ M from those of the medium M. Application of the Rayleigh variational principle to the medium yields:
where V R denotes the modal Rayleigh phase velocity. The partial derivatives of V R with respect to the body-wave velocities of the medium are given by the following expressions:
where k is the wavenumber, U is the group velocity, I 1 is the first energy integral (Aki and Richards, 1980) , and r 1 and r 2 are the displacement eigenfunctions of a given Rayleigh mode of propagation in the elastic medium M. In equations (15), the subscripts outside the brackets are used to indicate the parameters that are held constant in the expression. In weakly dissipative media (i.e., for D v Յ 5%), it may be postulated that the inelasticity of the medium causes M a small change in the phase velocity of the v wave in the e V v medium M that can be evaluated as follows (Anderson and Archambeau, 1964; Anderson et al., 1965) :
where is given by equation (10), which is valid for a * V v weakly dissipative medium (see Fig. 1 ). Substituting equation (16) in equation (14) for dV p and dV s yields
where d . Taking the real and
the imaginary parts of equation (17) gives (Lai, 1998) :
The Rayleigh attenuation factor ␣ R can be easily calculated using equation (19) and the approximate relationship,
, which is valid for small D v . Equations (18) and (19) are important results because they show that the Rayleigh phase velocity V R (x) and attenuation factor ␣ R (x) are uncoupled in weakly dissipative media, and both can be computed from the solution of the linear elastic Rayleigh eigenvalue problem.
Equations (18) and (19) form the basis of a procedure commonly used by earth scientists and engineers for the solution of the weakly coupled Rayleigh inverse problem (Mitchell, 1975; Mokhtar et al., 1988; Keilis-Borok, 1989; Herrmann, 1994; Rix et al., 2000) . The objective of the procedure is to determine the shear-wave velocity and shear damping ratio profiles V s (y), D s (y) of a stratified medium from experimental dispersion and attenuation data. First, the shear-wave velocity profile V s (y) is obtained by inverting measured values of V R (x). Then, a separate (i.e., uncoupled) inversion based on equation (19) is implemented to obtain the shear damping ratio profile D s (y) from measured values of V R (x), ␣ R (x), and V s (y) calculated in the first step. For the inversion to be causal, it is necessary to introduce a material dispersion law in equations (18) and (19); a common choice in seismology is equation (11).
Uncoupled surface-wave inversions based on the assumption of weak dissipation have several limitations: (1) in strongly dissipative media (i.e., media where D v Ն 5%), equation (10) is no longer valid; (2) neglecting the coupling between velocity and attenuation may result in erroneous results (Lee and Solomon, 1978; Silva, 1978) ; (3) mathematically, each of the two inversions adds its own degree of ill-posedness to the overall solution; and (4) performing two separate inversions is arguably less elegant and efficient than a single, simultaneous inversion for velocity and material damping ratio.
Rayleigh Eigenproblem in Strongly
Dissipative Media
In linear viscoelasticity, boundary-value problems with time-invariant boundary conditions can effectively be solved by means of integral transform methods. When the prescribed boundary conditions are harmonic functions of time, the use of integral transform techniques leads quite naturally to the formulation of the elastic-viscoelastic correspondence principle. According to this principle, the governing equations of a boundary-value problem in linear viscoelasticity can formally be obtained from those of the corresponding elastic problem with identical boundary conditions, provided that the elastic-field variables are replaced by the transformed viscoelastic-field variables and the elastic moduli are replaced by the corresponding viscoelastic, frequencydependent complex moduli (Read, 1950; Christensen, 1971) . Thus, equation (12) and the boundary conditions expressed by equations (13) describe the Rayleigh eigenvalue problem in linear viscoelastic media, provided that the elements of f(y) and A(y) in equations (12, 13) are taken to be complex valued. Most of the features that characterize the solution of the elastic eigenproblem carry over to the viscoelastic case, with the important difference that eigenvalues and eigenfunctions are complex valued in the latter.
It is worth noting that the viscoelastic eigenproblem includes an interesting degenerate case. It can be shown that if the complex-valued Lamé parameters are defined in such a way that the viscoelastic Poisson's ratio is a frequencyindependent, real-valued parameter, the roots of the Rayleigh secular function are real valued (Christensen, 1971) . Accordingly, the solution of the viscoelastic eigenproblem in this case can be obtained using the same techniques available for the solution of the elastic eigenproblem, even though the resulting wavenumbers and eigenfunctions will still be complex valued.
In the most general case, Poisson's ratio is a frequencydependent, complex-valued parameter, and the Rayleigh secular function is a mapping F R : C → C. As described previously, no general methods exist for computing the zeros of a complex-valued function of a complex variable. The task is even more difficult when the function is highly nonlinear and is defined only numerically as is the case for the Rayleigh secular function. One strategy is to break up the complex structure of the function and transform it into an equivalent pair of real-valued equations in two real variables. The zeros of such equations are then found by conventional techniques. Other strategies utilize the solution of the corresponding elastic eigenproblem as initial estimates of the eigenvalues of the viscoelastic problem (e.g., Schwab and Knopoff, 1971) . We found these techniques unsuitable for solving the Rayleigh eigenproblem in strongly dissipative media because (1) the elastic solution used as an initial estimate was not sufficiently close to the viscoelastic solution to assure convergence of the root-finding technique, (2) the secular function is often highly irregular and has clustered roots, and (3) they were inefficient and lacked elegance.
Many of the difficulties associated with computing the zeros of f (z): C → C are overcome if the function f (z) is holomorphic within an open set D ʚ C. [See Hille (1973) for a precise definition of the necessary and sufficient conditions required for a function f (z): C → C to be holomorphic or analytic in D ʚ C.] In this case, the zeros of the function f (z) may be determined by a class of algorithms that takes full advantage of the holomorphic properties of f (z V R interest, with the exception of at most a finite number of isolated pole-type singularities. In this regard, the term meromorphic function is more appropriate than holomorphic function to describe the properties of F R .
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The proposed method for finding the roots of the Rayleigh secular function is based on the application of Cauchy's residue theorem:
where the integral sign denotes integration along a positively oriented, closed contour C; f (z) is an analytic function inside and on C except at the points z j (j ‫ס‬ 1, M), where it may have isolated singularities; z ʦ C is a point of the complex plane z ‫ס‬ (x ‫ם‬ iy); and the symbol Res (z j ) denotes the residue of the function f (z) at the point z j . Finally, M is the number of isolated singularities of f (z) located inside C.
Equation 20 forms the basis of the algorithm proposed by Abd-Elall et al. (1970) for computing the zeros of f (z). Cauchy's residue theorem may be rewritten as follows:
where q j are the residues of 1/f (z) at the points z j that are the zeros of f (z) and m is the number of zeros of f (z) that are located inside C. By evaluating the contour integral defined by equation (21) for different values of N(N ‫ס‬ 0, 2m ‫מ‬ 1), a sequence of complex numbers G N may be computed. Using G N , it is possible to determine the coefficients of the complex polynomial:
by solving the linear system of equations that can be constructed from the modified Newton identities (Abd-Elall et al., 1970) :
The zeros of P m (z) coincide with the zeros of f (z) inside C. It is important to emphasize that the solution of the system of equations given by equation (23) 
In equation (21), the nu-* V R merical evaluation of the integral involving the Rayleigh dispersion equation F R along the contour C must be im-
Equation (24) provides the relationships between a point w R : {V R , D R } of the w R plane and the corresponding point z R : {x R , y R } of the z R plane. It is then possible to map a region C of the w R plane into another region D of the z R plane as shown in Figure 2 , where the two regions C and D contain the zeros of F R .
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In equation (21), the numerical evaluation of the contour integral has been implemented by introducing an admissible parameterization of the contour C so that the numbers G N can be computed as follows: 
where s ʦ R is a parameter. A necessary condition for a parameterization z R (s) of a curve C to be admissible is the existence of the function zЈ R (s). This requirement is not satisfied if the curve C is parameterized with the Cartesian representation that follows from equation (24) because of the existence of a pole-singularity at the points A and B of the z R plane. Using a polar rather than a Cartesian representation of C overcomes this difficulty. Thus, an admissible parameterization z R (s) of the contour C is given by the following equations:
A substantial improvement in the accuracy of the numerical integration of equation (25) can be achieved by rescaling the contour of integration C via a conformal linear transformation of the type z R ‫ס‬ (g R • f R ‫ם‬ j R ), where f R ʦ C and g R , j R ʦ R are two constants. This linear mapping is a special case of a Möbius transformation. Under this conformal mapping, the region D of the z R plane is mapped into a similar region of the f R plane. Depending on the value adopted D for g R , the region is an expanded or contracted version of D D. The factor j R is responsible for translating the region D from the origin. It was found empirically that the optimum values are g R ‫ס‬ V R,max and j R ‫ס‬ 0. The method of substitution in C applied to the contour integral of equation (25) yields:
where the contour denotes the boundary of the regiońĆ D in the f R plane. The numerical integration in equation (27) was performed using a 50-point Gauss-Legendre quadrature formula (Press et al., 1992) .
Once the numbers G N (N ‫ס‬ 0, 2m ‫מ‬ 1) have been cal-culated, the remaining steps required for the complete implementation of the algorithm are (1) the solution of the linear systems of equations given by equation 23 for the coefficients c j (j ‫ס‬ 0, m ‫מ‬ 1) and (2) the computation of the zeros of the complex polynomial P m (z) of equation (22). The solution of the linear system of equations is obtained using the complex version of the LU decomposition algorithm, whereas the roots of P m (z) are computed using La Guerre's method with appropriate deflation and polishing techniques (Press et al., 1992) . The Rayleigh wave phase velocities and damping ratio can be computed from the inversion of equation (24), which yields:
An important step of the algorithm is to determine the number of zeros m of F R at each frequency x. We have * (V ) R adopted the strategy based on the observation that all the matrices G j with j Ͼ m are singular (Abd-Elall et al., 1970) . Hence, the value of m can be found by a procedure that evaluates the rank of successive matrices G j until a value of j is found for which G j is singular. In this study, the test for singularity of the matrices G j was performed using their condition number R cond that was calculated using the singular value decomposition of G j . The matrix G j is considered to be singular if the logical expression 1.0 ‫ם‬ R cond ‫ס‬ 1.0 is true to machine precision. If the number of zeros of F R at a particular fre-
R quency x is large, say m max greater than 15 or 20, the computation of the zeros of the high-degree polynomial P m (z) is an ill-conditioned problem. As a result, it may be difficult to compute the roots (j ‫ס‬ 1, m) of the Rayleigh disper-* V R j sion equation with a high degree of accuracy. A strategy suggested by Delves and Lyness (1967) V R j been computed, the remaining task is determining the eigenfunctions (y, k j , x) for i ‫ס‬ 1, 4, which, in general, is * r i straightforward. The complex nature of the eigenfunctions implies that in viscoelastic media, the phase difference between the horizontal and the vertical components of the displacement field is no longer equal to p/2, as in the elastic case. As a result, the principal axes of the ellipse describing the trajectory of the Rayleigh wave-particle motion are rotated with respect to the free surface of the half-space. This and other characteristics of Rayleigh wave propagation in viscoelastic media have been described in detail by Borcherdt (1973b) and Borcherdt and Wennerberg (1985) .
Finally, we note that since the computation of the eigenvalues k j ‫ס‬ x/ (j ‫ס‬ 1, M) with the proposed algo-* V R j rithm is carried out at constant x, any frequency-dependence law for the body-wave phase velocities V v and material damping ratios D v can be prescribed. In particular, equation (11) could be used to satisfy the principle of causality with a simple material dispersion relationship.
Validation of the Algorithm
The algorithm was evaluated by comparing solutions for a uniform half-space with closed-form solutions developed by Press and Healy (1957) and Borcherdt (1973b) . Press and Healy (1957) considered the propagation of Rayleigh waves in a uniform, low-loss viscoelastic half-space and developed an approximate expression for the Rayleigh attenuation co- efficient. Borcherdt (1973b) obtained an exact solution by calculating the roots of the cubic polynomial with complex coefficients governing the propagation of Rayleigh waves in a uniform, linear viscoelastic half-space with arbitrary values of Q. Figure 3 presents a comparison in terms of the Rayleigh wave-phase velocity and damping ratio for a uniform half-space with unit velocity and values of shear damping ratio ranging from 0% to 50%. The results obtained via contour integration are identical to those obtained using the exact closed-form solution developed by Borcherdt (1973b) . It is also of interest to note the differences between the exact solutions and those for a low-loss medium.
The algorithm was also evaluated in two, layered media, one strongly dissipative and the other weakly dissipative, shown in Table 1 . The strongly dissipative profile is characterized by values of material damping ratio D v up to 30%; the weakly dissipative profile has values of D v Յ 5%. For simplicity, the body-wave velocities and material damping ratios were chosen to be frequency independent. This assumption does not imply any loss of generality as described previously. The Rayleigh secular function required for the implementation of the algorithm was computed using the technique by Schwab and Knopoff (1972) , which belongs to the class of the propagator-matrix methods (Thomson, 1950; Haskell, 1953) . Dispersion and attenuation curves were computed for 50 frequencies ranging from 0.1 to 10 Hz. Displacement and stress eigenfunctions were also computed. Figure 4 shows a comparison between dispersion and attenuation curves obtained for the strongly dissipative profile using the proposed algorithm (exact) and the one based on the assumption of weak dissipation (approximate). For the fundamental and third modes, the differences between dispersion curves are more pronounced than differences between attenuation curves. The opposite is true for the second mode. In general, the approximate solution tends to yield slightly larger values of the Rayleigh attenuation coefficient, particularly for the second and third modes, and tends to using model superposition. Figures 8 and 9 show the seismograms obtained for a vertical point load applied at the free surface of the layered medium. The source function was a Dirac impulse. The seismograms in Figure 8 are for the strong dissipative profile and were computed at offsets of 500 and 1000 m from the source. The differences between the exact and approximate theories are modest. The amplitude of the pulse associated with the approximate solution is slightly less than that of the exact solution, which agrees with the observations noted previously regarding differences in the attenuation coefficients for the two solutions. Figure  9 shows the seismogram calculated at an offset of 2500 m from the source for the weakly dissipative profile. The exact and approximate solutions yield identical results, as expected.
Conclusions
Most algorithms used by earth scientists and engineers to calculate the phase (or group) velocity and attenuation of slightly underestimate the Rayleigh phase velocity at all frequencies. As a result, the cutoff frequencies of the second and third mode for the exact solution are higher than those for the approximate theory.
Displacement and stress eigenfunctions at a frequency of f ‫ס‬ 10 Hz are plotted in Figures 5 and 6 , respectively. The real and imaginary parts of the eigenfunctions have been normalized with respect to their respective maximum values (in absolute terms). The differences between solutions are moderate for the fundamental and second modes, with the exception of the real component of the stress eigenfunction of the fundamental mode, which exhibits larger differences. Differences between solutions are more pronounced for the third mode. Figure 7 compares the dispersion and attenuation curves obtained for the weakly dissipative profile in Table 1 using the exact and approximate theories. As expected, the two solutions do not exhibit any appreciable difference.
The exact and approximate solutions of the Rayleigh eigenproblem were used to calculate synthetic seismograms Table 1. surface waves in dissipative media are based on the assumption of weak dissipation. Although this assumption is reasonable in several cases of practical importance, there may be situations where it is not adequate. The rigorous formulation of the eigenproblem associated with the propagation of surface waves in general linear viscoelastic media results in a complex-valued, linear differential eigenvalue problem. As in most eigenproblems, the most difficult aspect of the solution is calculating the eigenvalues, which in this case are the zeros of the Rayleigh secular function. The latter is a complex-valued function of a complex variable, highly nonlinear, and known only numerically.
We have presented a technique for solving the Rayleigh eigenvalue problem in general linear viscoelastic media that overcomes the limitations of previous algorithms. The proposed technique is based on the Cauchy residue theorem of complex analysis and takes advantage of the holomorphic properties of the Rayleigh secular function in the domain of interest. Although the new technique has been applied to the solution of the Rayleigh eigenproblem, it may also be used to solve the Love eigenproblem.
We validated the technique via comparisons with closed-form solutions for a uniform half-space and illustrated its application to both strongly and weakly dissipative layered media. As expected, the errors in dispersion and attenuation curves and synthetic seismograms introduced by the assumption of weak dissipation are negligible for the weakly dissipative medium. For the strongly dissipative medium, the solution based on the assumption of weak dissipation tends to underestimate the phase velocities and overestimate the attenuation coefficients. Differences in the synthetic seismograms for the strongly dissipative medium are muted but are, nonetheless, consistent with differences in the dispersion and attenuation curves. A systematic evaluation of the algorithm is currently under way to better understand its capabilities and limitations. Table 1. 
